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Optical Reflectivity of Liquid
Metals at their Melting
Temperatures

EDWARD SIEGELT
General Motors Technical Center, Warren, Michigan 48090

We utilize the concept of electron-phonon dominated optical conductivity
and the Drude theory of optical properties of metals, as applied by Ujihara,!
and the theory of melting in simple metals of Omini,? based on the Percus-
Yevick? collective coordinate (liquid phonon) theory of simple liquids, to
calculate the optical reflectivity in a variety of liquid metals. We compare
the reflectivity of the metals treated by Ujihara, and extended by Siegel*
(Ag, Au, Al, Cu, Fe, Ni, Co) at their melting temperatures in the solid and
liquid phases to determine if the change in phonon spectrum and electron-
phonon collision frequency in the solid to the Percus-Yevick “liquid phonon
spectrum” and electron-liquid phonon collision frequency in the liquid
affects the optical properties. Later we extend the calculations of reflectivity
in the liquid metals beyond their melting temperatures, This is a valid criter-
ion of whether the Percus-Yevick liquid phonon approach to electron-
disorder scattering in liquid metals is applicable in evaluating the high
frequency, optical properties of liquid metals, since we can readily deter-
mine of the calculated melting entropy of Ujihara corresponds to an
expected change in the optical conductivity, dielectric constant and re-
flectivity.

1 DRUDE THEORY AND ELECTRON-PHONON COLLISIONS
IN SOLID METALS

Ujihara! has recently calculated the high temperature reflectivity of Al,
Cu, Ag and Au (among others) up to their melting temperatures at three

tPresent Address: Energy Laboratory, Public Service Gas and Electric Co., 200 Boyden
Avenue, Maplewood, New Jersey 07040.
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wavelengths (0.69, 1.06 and 10.6 microns). We follow Ujihara’s development
of the Drude theory and electron-phonon collision concepts in the calcula-
tion of the optical conductivity, dielectric constant and temperature
dependent reflectivity and skin depth since we shall rely on these techniques
rather heavily in our treatment of liquid metals.

Within the Drude theory for a solid metal, the dielectric constant is
given by

s s s s s i (T) wz M
E(T) = ¢ (M + € M=1- [w: (T)}/w2 + wCZ(T)] - (w—zi—m

(M

where €, and ¢; are respectively the real and imaginary part of the complex
dielectric constant, w is the incident optical frequency, s is the average
electron-phonon collision frequency and wj is the electron plasma fre-
quency in the metallic solid.

w3 (T) = 4m*(T) e¥/m, 2)

where n*(T)is the temperature dependent electron density in the solid metal,
e is the electron charge and m; is the electron effective mass. The Drude
result is derivable from the Boltzmann equation assuming an average relaxa-
tion time, ¢ = %! for the electron distribution via the electron-phonon
collisions. The real and imaginary parts of the complex dielectric constant
are

(1) = 1 - [0 (TV o? + w(T)) (3)
(1) = — (T 0 (T (w? + 02(T)) @ (4)

and are temperature dependent because wj, and w} are. In terms of the
complex refractive index, €'/2, the optical reflectivity in the Drude theory is

RS(T) - lésl/Z _ l/esl/Z + 1,2 (5)

At 300°K., w§ ~ 10'6sec~! and wf ~ 10'*sec~! in solid metals. In Table 1
we list w§, and i values for a variety of solid metals (Jater to be compared
with these values in the liquid state). R is about unity at the three wave-
lengths considered here, since for A = 0.69 microns, w§? > w? > wi?and for

= 10.6 microns, w ~ 10! sec~1, so €2 is large in both cases.

Following Ujihara we make the approximation that the w§ (T) tempera-
ture dependence is small because n®(T) is small, and concentrate on «t (T),
assuming the high temperatures do not create any new band structure
effects. In the Debye phonon spectrum model of the actual phonon spect-
rum in the solid metal

03/T
with, T) = K*|k|T fo P (dz/er — 1) (6)
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where we have assumed the scattering mechanism to be normal processes
on a spherical Fermi surface, and where & is the Debye temperature, T is
the temperature and K is a constant including the total scattering cross
section of the isolated metal atom, the ion mass, the Debye wavenumber and
other constants. We further assume that 6 is not temperature dependent.
Then K is independent of temperature. Also

Wi (T) = fF  wt(eT) dk 7

but since kT < Ep, the Fermi energy, we can utilize an iso-thermal electron
distribution for T < Ty, the melting temperature (and also in the liquid
state for T = Ty, as we shall see later on). We can then rewrite (6) as

oD/T
: (T) = K TS f (@Adz/e® — 1) (8)

where K5’ contains K and the mean value of |k|. Ujihara, in an appendix,
shows how «?$ is an increasing function of T, since

daf (T)/dx = K¥ 55/x5 [ f (5 2dz/ex — 1) — f (5z%dz/e* ~ 1)] <0 (9)
0 0

for 0 < z < x, our region of integration in (8), where x = 6% /T, so that
dwi(T) > 0.

Ujihara then predicts that ¢ < O at the frequencies of interest, |
(300°K.)| is large and ¢ is an increasing function of w§, and thus of T.
Also, €; < 0and Thm €5 = 0 and €3 is a minimum when w = 5. Also, since

the skin depth is defined as
8(T) = c/w k*(T) (10)
where c is the speed of light in vacuum and kisshown todecrease with increas-
ing T, &° (T) increases as T increases. Lastly, he finds that
dR/dw} = [(wh/w) (l€] + D22 e|[lel +1 + 2"2(fel + )22
(le] + €)des/dws (1n

and
det/dws = 208 wi/ (w0 + w)? > 0 (12)

so that dR/dwg < 0, and as w§ rises when T does, R drops. The calculated
8(T) and R(T) curves are shown in Figures 7-12 of Ujihara’s paper, at 0.69
microns (w = 2.72 x 10" sec '), 1.06 microns (w = 1.78 x 10’3 sec~")and
10.6 microns (w = 1.78 x 104 sec—).
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2 PERCUS-YEVICK THEORY OF LIQUIDS
VIA LIQUID PHONONS

Ominiz has recently applied the Percus-Yevick? collective coordinate
theory of liquids to calculate the melting entropy of simple metals. This
theory replaces the potential energy in the total liquid Hamiltonian

12y (2n)‘3fd3k e“ S VK = 12 3 Vix - x) (13)
i#] 1#]

by

VPY = 172 b e )
%% ¢ (14)

where the coefficients v, are determined to optimize the calculation. Defin-
ing 3N collective coordinates (liquid phonons)
ik - x;
= (15)
the potential energy becomes that of an assembly of 3N harmonic oscillators

VY = 172 ¥ 5, (e g — N)
%3* * (16)

with frequencies
w} = k2kg T/m(1 + v/kgT) 17)

Utilizing the Ascarelli-Harrison-Paskin® relation between the long wave-
length limit of the liquid structure factor, S(0) and the set 1,

S(O) = kg T/(kgT + ) (18)
(17) may be rewritten as
wi(T) = k?kz T/m S(0) (19)

where m is the atomic mass. This dispersion relation for the liquid phonon
frequency spectrum has, as does the Debye phonon spectrum in the solid
phase, a high frequency cut-off at

(@™ (T)ax = (187°p(T)/m)** ks T/m S(0) (20)
associated with a maximum wavevector, analogous to Kpepye Of
Q(T) = (187°p/m)"* = 3 kpqye 1)
This is derived from the condition that
(L/27)}(42Q%3) = 3N 22)

defining a radius in k space of magnitude Q which contains the 3N k values
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permitted in the Percus-Yevick collective coordinate model of a liquid.

3 OPTICAL PROPERTIES OF LIQUID METALS

We have now a Debye-like liquid phonon model of the atomic vibrations in a
simple liquid metal, involving structural disorder through the S(O) in the
previous expressions. Having this, we should be able to repeat the analysis
of Section 1 to arrive at RY(T) and 6*(T), even at Ty, sq that we can see the
effect of Omini’s predicted change in system entropy upon melting on the
optical reflectivity and skin depth through the melting temperature.

We rewrite the Drude dielectric constant for a liquid metal identically to
that in a solid metal, as

(T) = (1) + iek(T) = 1 — [ 2(T/(w? + w2(T))]

e (M of(TV (? + 0 (D) w (23)

with real and imaginary parts
e (T) = 1 — w (M (w” + wX(T)) 4)
& (D = —o (D (T (@ + o (T) (25)

The difference from the Drude dielectric constant for the solid metals is the
appearance of w}and w¢ in place of w}and «f. It remains to determine how
different the plasma frequency and electron-phonon collision frequency are
in the liquid state. This approach is perhaps not as fundamental as a
complete reformulation of the concept of a collision frequency in terms of
the disorder scattering of electrons in liquid metals, but is an interesting
application of the Percus-Yevick concept of liquid phonons to treating a
metallic liquid in a form identical to that for a metallic solid and a useful
initial model for simplified calculation of approximate optical properties.
The electron plasma frequency in the liquid metal is

wk(T) = 4o (T)e¥/m.” (26)

where the free electron density has changed from its value in the solid metal,
and the electron effective mass has changed since the periodic potential of
the solid metal has been destroyed upon melting. The liquid metal has a
reflectivity

RYT) = |(¢"H(T) — D/(YAT) - 1)|? 27
and the liquid metal skin depth is
SU(T) = c/wk(T) (28)

Our problem now reduces to an investigation of the mechanisms and
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physical content of w5(T)and w¢(T), as Ujihara did for solid metals. Once
these are obtained, the temperature dependent liquid metal reflectivity and
skin depth can be easily evaluated in this first, simple approximation to the
actual electron-disorder scattering in the liquid metal optical conductivity.
The electron-liquid phonon collision frequency in the liquid metal, wt(T),
is easily found using the Percus-Yevick collective coordinate theory of
simple liquids, in which the actual electron-disorder scattering contribution
to the optical conductivity of the liquid metal is replaced by aneffective
electron-liquid phonon scattering frequency, which then determines the
optical conductivity in the same way Ujihara utilized this approach in solid
metals using the electron-phonon collision frequency. Treating the Percus-
Yevick liquid phonon spectrum like the Debye phonon spectrum in a solid
metal, what we need to evaluate is the change in electron distribution due to
collisions with the liquid phonons, whose distribution is temperature
dependent, as in a solid metal. We define a Percus-Yevick temperature for
the liquid phonon spectrum, 6py by

i (T) = kgOpy(T) (29)
analogous to the definition of the Debye temperature in a solid metal
fwp(T) = kp6p(T) (30)

We shall assume that, as in the solid metal case
8PY/T
wi(T) = KL TS J' 2dz/(e? — 1) 31)
0

in analogy with (6), where K' is a constant like K'S in (6). The use of this
relation to represent the collision frequency in a liquid is the major weak
point of our theory, but is justified in the believable answers we shall obtain.
We shall see that the success of this approach follows because in the liquid, as
in the solid, we have replaced the N body collision problem by a 3N collec-
tive boson-electron collision problem, and once this is done, the detailed
nauances that separate the definition of the solid metal from the liquid metal
are all removed except in so far as they influence the values for ‘6, and 6py.
All we have done is to replace the Debye temperature characterizing the
phonon spectrum in the solid with the Percus-Yevick temperature, char-
acterizing the liquid phonon spectrum in the liguid. The liquid phonons, like
the solid state phonons, are considered as a boson gas whose distribution is
temperature dependent and whose effect is to replace the detailed structure
of the liquid metal by a simple quasiparticle spectrum, which scatters
electrons producing a finite 5(T) ~ wl~!(T), which can be used to calculate
an approximate liquid metal optical conductivity, and thus the dielectric
constant, reflectivity and skin depth. The temperature dependence in all of
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these expressions has its orgin in the temperature dependence of 8,y . For the
skin depth, the temperature dependence is analogous to that in the solid
metal, in that, using

dk/dw; = (wf/2k)(wp?/(@® + 0P [(2 = wp?/ 0)/2(1 - w22 ~ Wi/ w?)
(o’ + w) Y - 1] (32)

to show that k is an increasing function of wf, which is in turn an increasing
function of T, so that §1(T) is an increasing function of T, as Ujihara argued
for solid metals.

The plasma frequency, wg(T) must also be evaluated in the liquid metal.
As Ujihara has done, we assume wy independent of T relative to the strong
dependence of the collision frequency, wf on T we expect to find. In a
random medium such as a liquid metal, it is not clear that m.* has a well
defined meaning, but for simplicity we argue that m."(Ty) = mZ(Ty)ie. a
melting metal at T, is nearly as disordered as the liquid phase it is in equili-
brium with, and the liquid for any greater temperature, so that m_ can be
used for liquid metals as well as for solid metals. In solid metals

m.~! = ~2d2E¥/dk>2 (33)
so that in liquid metals
m. ! = i~2d’El/dk? (34)

What is needed is the electron dispersion relation in the liquid metal, E(k).
In its absence we are forced to take m;’ = m;, so that wy = wp. This is

further supported by the fact that, since w3 (T)is such a weak function of Tin

the solid metal, it should be similarly weak in the liguid metal, since even
there k;Ty <« Eg, so that the high temperatures do not perturb the electron
distribution function much.
In summary, we calculate e[(T) and €}(T) from (24) and (25), using
wh ~ whindependent of T, and (31) for wt
er(T) = 1 - ws?/(w? + wi*(T)) (35)
eH(T) = —~wf o (T (o + 0 (T)) (36)

To preceed we must evaluate wg(T) from (31).

4 EVALUATION OF THE LIQUID METAL
COLLISION FREQUENCY

We must evaluate
oPY/T
wUT) = K* T3 f o /(e 1)
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where
8pv(T) = (i/kp) wppax (T) = (kgT/mS(0))2(182p(T)/m)**kp/f  (37)

In Table I we list the S(O) values for a variety of liquid metals at T, and the
Q values, both calculated independently and transcribed from Omini’s
paper. Since Q = 3'3kp, witix = Q(ks T/mS(0))"/2 = 313k, (ks T/mS (0))!/2
and

fwp = kgfp = fv,kp = hiv, (67°N)/¥L (3%
where v, is the sound speed in the solid metal,
kp = kpOp/hv, (39)
and the Percus-Yevick temperature can be expressed as

Opy(T) = 3'3(k} 6p (T)/ %, (T))
(kpT/m S(0))"2 = ti/ky(w Juax /K (40)

Thus, we can use the above expression for 6y in terms of 85 (T), v,(T) and
S(O) or the expression in terms of p(T) and S$(O) to evaluate the upperlimit
of the integral (31). We must note that there is a discrepancy between our Q
values and Omini’s, for example for liquid Li to Sn in Table L Itis not clear
how Omini arrives at his, so we calculated the ones used here from Gold-
schmidt atomic radii’ via

Q = (182%/m)'" = (1824 V)" = (182%(4/3) n(d/2)})"3 41

where d = 2r is the atomic diameter.
We might also note that the plasma frequency values

wy = wp = (4mie’/m.)"? (42)
where, in terms of the Goldschmidt radii
n = i/V = it/(4/3)x{d/2)? 43)

where i is the effective number of valence electrons per atom, and its exact
value for any metal is open to question. For the case of Na, K, Al, Cu, Au and
Ag the } values are nearly equal to those quoted by Pines® and Ujihara.
Thus, the 6,y values we use are open to some question, and are compared in
Table I with those of Omini for Li-Sn. The uncertainties in fi are just as
important to our calculation as those in V, via the Goldschmidt radii, and in
wL.

pAlso shown in Table I are the w!t(T),), and those w} values at 1.5 Ty and
2 Ty calculated both for our Q values and Omini’s for Li-Sn. For the cases
Na, K, Ag, Au, Cu and Al, treated by Ujihara in the solid state, we compare
our calculated wl(Ty) values. We see that they fall in the same range, but are
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not identical. Firstly, Ujihara used a temperature independent 8 in the
upper limit of the integral, while we use here a temperature dependent
8y (T). The details of the evaluation of the integral in (31) for w&(T) are given
in appendix 1, utilizing standard methods for integrating Debye-like func-
tions. In Figure 1 we illustrate the liquid metal electron-liquid phonon

1 solid
Metals

1018

1017 -

Al (Pb-In) =Y Fe

(4){-:' (sec—l)

10 B
0
L
[
Fy]
kA
.
w3
~
[+
12 ]
[}
[
'
1010 i 1 1
1.0 1.25 1.5 1.75 2.0
/2

FIGURE 1 Electron-liquid phonon collision frequencies for twenty transition and non-
transition liquid metals as a function of temperature above the melting temperature. Ujihara's
electron-phonon collision frequencies in the solid metals are also shown.
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TABLE 1I1

Real and Imaginary parts of the dielectric constant and Reflectivity at three wavelengths
and for temperatures at and above the melting temperatures

A =106 w = 1.78 x 10" sec™!

Liquid L L L o, L L L o, ol
Metal e(Ty)  e(Ty) R(TW% e QTM) &(QTyM) RQTyw)Y% R(1L.5Ty)Y%

Li - 6183 -~ 590 95 — 24750 - 850 92 93.5
Na - 3412 - 320 93 — 32600 - 404 93 93
K - 1779 - 40 9 - 17770 - 32 91 91
Rb — 1497 - 68.0 90 - 1497.0 -1229 91 90.5
Cs - 1217 -~ 05 89 - 12160 - 8 89 89
Mg - 7977  —~3590.0 96 - 640 - 876 88 9
Al —15629 —~7900.0 97 - 103.0 -1584 90 93.5
Zn —18382 72030 97 —18045.0 —1860 97 97
Ga —29164 ~ 530 98 -29033 -1111 98 98
Pb -33099 - 1790 99 — 78440 -2703 96 97.5
T —14564 - 3340 97 - 9262.0 —4698 96 96.5
Sn —24007 — 508.0 97 —12087.0 -8634 97 97
Cd —13636 — 280.0 97 —13636.0 — 280 97 97
Cu - 1370 -30120 93 - 30 - 206 76 84.5
Au - 1961 -1991.0 92 - 70 - 79 64 78.5
Ag - 2910 -62240 95 - 120 - 346 81 88
Fe - 114 -1063.0 88 - 06 - 61 48 68
Co - 149 -1369.0 90 - 05 - 11 68 79
Ni - 184  -5840.0 95 - 04 - 95 66 81.5
In —18626 - 258.0 97 -14761.0 -5197 97 97

A =106 w =178 x 105sec™!

L: - 610 - 107.0 70 - 600 - 7. 60 60
Na - 330 - 560 61 - 330 - 07 50 50
K - 170 - 660 61 - 170 - 0.06 3 37
Rb - 140 - 0.002 33 - 140 - 002 33 33
Cs - 120 - 00 29 - 1.0 - 002 29 29
Mg -~ 1160 - 80 69 - 410 - 2090 76 68
Al - 2430 - 190 77 - 720 - 1130 71 76
Zn ~ 1850 - 20 74 - 1850 - 30 74 74
Ga - 2910 - 0.1 79 - 2910 - 20 79 9
Pb - 1010 - 10 67 -~ 1010 - 6.0 67 67
Ti — 1450 - 06 72 - 1440 - 110 72 72
Sn ~ 23%0 - 09 77 ~- 2370 - 240 L 7
Cu ~ 890 - 146.0 74 - 30 — 200, 40 66
Cl - 1360 - 0S5 71 - 1370 - 05 71 71
Au - 870 - 1280 72 - 60 - 150 36 60
Ag - 880 - 130 65 - 110 - 300 49 62
Fe - 530 - 500 63 - 06 -~ 60 18 40
Co - 820 - 760 68 - 05 - 80 22 47
Ni - 660 — 450 64 - 04 — 80 22 44

In — 1860 — 0005 75 - 1849 ~ 04 74 74
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TABLE 111 (continued)

A =069, w =272 x 10 sec™!

Liquid

Metal  ef(Ty)  e¥(Tw) RMTMY% f@Tw) ST RMQTWY% RNLSTWY
Li - 25 - 003 45 - 25.00 — 26.000 31 45
Na - 14 - 001 24 - 13.00 - 15.000 40 33
K - 7 - 0002 19 - 7.00 — 8.000 27 27
Rb - 5 — 00 16 - 500 — 0.006 16 24
Cs - 4 - 0002 12 ~ 400 - 0004 12 .19
Mg - 49 - 002 55 - 27.00 - 25.000 52 56
Al - 102 - 005 67 ~ 5100 — 53.000 63 68
Zn - 79 - 06l 64 ~ 7900 — 0940 64 64
Ga - 1239 - 003 70 ~ 106.00 — 46.000 69 71
Pb - 45 - 009 55 ~ 14100 — 2000 71 54
T - 61 - 002 60 ~ 61.00 — 3.000 60 59
Sn ~ 102 - 1030 72 ~ 102.00 -~ 7.000 67 67
Cd - 57 - 014 59 ~ 57.00 - 12.000 59 59
Cu - 39 - 50 53 -~ 3.00 — 12.000 31 50
Au - 3 - 50 52 — 6.00 — 15000 36 50
Ag - 38 - 40 52 ~ 1000 - 17.000 40 sl
Fe - 31 - 190 5t - 0.60 — 4.000 10 43
Co - 40 - 10 53 - 0.46 — 5.000 14 47
Ni - 35 - 180 53 ~ 0.58 — 6.000 17 46
In - 79 - 013 64 ~ 79.00 - 3.000 64 64

collision frequencies, as calculated using the Percus-Yevick collective co-
ordinate model of a simple liquid, for T = Ty and Ujihara’s «f values for Al,
Cu, K, Na, Ag and Au. For Na, K and Al we see wf > wk(Ty)whilefor Ag,
Au and Cu we see wi < wL(Ty), sothat no definite conclusion can be drawn
regarding whether our calculated collision frequencies in liquid metals are
all on the high or low side due to the various approximations we have made.
It seems that the collision frequency drops for non-transition metal liquids,
and rises for transition metal liquids, but these are just a few examples to

confirm this.

5 OPTICAL PROPERTIES OF THE LIQUID METALS AT
HIGH TEMPERATURES

Table III illustrates el(T = Tuy), ¢(T = Ty) and RY(T 2 Ty) values
calculated for twenty liquid metals. In Figures 2, 3 and 4 we illustrate
RYT = Ty) at 0.69, 1.06 and 10.6 micron incident light wavelengths.

At 0.69 microns, we see that R is nearly constant in most non-transition
metals, rises between Ty and 1.5Ty, in the alkali metals (Na, K, Rb, Cs), and
falls severely in the transition metals (Ag, Au, Cu, Fe, Co, Ni). Pb seems to
represent an anomaly, since it increases quite a bit for T > 1.25T,.
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FIGURE 2 Reflectivity versus temperature for twenty liquid metals at 0.69 microns.
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Reflectivity versus temperature for twenty liquid metals at 1.06 microns.
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FIGURE 4 Reflectivity versus temperature for twenty liquid metals at 10.6 microns. In the
latter three figures the reflectivity of the solid metals at the melting temperature is indicated
by x’s.
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At 1.06 microns, all R values at Ty shift upwards, with respect to the
Rt values at 0.69 microns, and at 1.06 microns the alkali metals experience a
large drop in R for T between Ty and 1.5 Ty. The other non-transition
metals have a roughly constant Rt except for Mg and Al, which behave like
Pb at 0.69 microns. The transition metals again have a large decreasein RL,
but less than they experienced at 0.69 microns.

At 10.6 microns, all R%(T),) values are shifted up to R 2 90%. Of the non-
transition metals, A} and Mg have some decrease in RY, the alkali metals
have a small Rl increase and the transition metals have a large R"decrease
at high temperatures, but never as much as at 0.69 microns since the initial
RL(T},) is so much higher at 10.6 microns.

6 CONCLUSIONS

We conclude that, as Ujihara predicted in the solid metals, as the wavelength
of the incident radiation increases from 0.69 to 10.6 microns, the reflectivity
at any temperature for any liquid metal increases, and that the negative
dRS/dT continues as a negative dRY/dT at any incident radiation wave-
length. The liquid transition metals have a large negative dR'/dT, as did Cu
in Ujihara’s treatment of dR*/dT, while most other metals investigated have
a negligible dR'/dT. However, one metal presents an enigma. Alis predicted
by Ujihara to have alarger negative dR%/dT, larger even than that of Cu, and
yet our calculations on liquid Al at all three wavelengths show that its
dRY/dT is much lower than those of all the transition metals, including Ag
and Au also. Thus Al seems to be the only metal which shows a sharp change
in dR/dT as the metal melts. If, as appears to be the case in the liquid metals,
they split up into two groups in terms of their dR'/dT slopes: transition
metals and non-transition metals, we believe that they likewise should in the
solid metals, so that Ujihara might have made an error in his calculation of
Rs(T) for Al This is further sketchily supported by Ujihara’s own results,
which show that non-transition metal dR$/dT values (Li, Na) are far lower
than transition metal dR%dT values (Cu, Ag, Au) in the solid state, with Al
being the only high dR*/dT non-transition metal.

Further thinking on this one discrepancy in the trends of dRYdT for
twenty representative transition and non-transition metals indicates that the
only possible explanation for the Al anomaly must be in the different con-
stant values between our work and Ujihara’s. If wf(Al) = @LFe.Co.N) e
could explain this, but !4l is about half an order of magnitude lower, and
wHA) & 10-! pUFe.Co.ND for temperatures from Ty, to 2Ty,. K and Nahave a
large w! decrease, but wi™aK)is 10-3 wIFe.CoN) S0 if this were plausible
as an explanation, A1 should have a large discontinuity in R at Ty between
the liquid and solid metal phases, and then little T dependence in the liquid
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phase. While Al does exhibit this, so do Cu, Ag, Au, Na and K, and some
of these latter are much larger, yet none of them exhibit a discontinuity
in dR/dT at the phase transition. This reasoning for Al may still be valid
though, since w. drops upon melting do not along determine R, but relative
wy, values estimated from the liquid and solid phase do also. Al has another
anomaly, in that we find RUAD (T) > RSAD (T,,), making dR/dT positive
at Ty in contrast to all other metals treated. Again we think that the dis-
crepancy in our calculated Q values, in contrast to those of Omini, indicates
that these differences in R at the melting temperature are probably purely
due to choice of input constants for the various metals, rather than actual
phenomena, but a definitive answer to this question would require a detailed
examination of the various constants used by Omini and Ujihara, which are
unfortunately not present in their papers. The question of the abrupt dis-
continuity in dR/dT in Al still remains open, and we can only conclude that,
since the solid and liquid metals both seem to split into the large negative
dR/dT transition metals and the small negative dR/dT non-transition
metals, none of which show a sharp discontinuity in dR/dT upon melting.
Uijihara’s predicted large temperature dependent reflectivity decrease is
in error.
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Appendix

We evaluate? the integral expression for wX(T)in (T)in (31). We rewrite 31
as

wH(T) = K2T1 (A1)
where
Opy /T
I= fo Y dyer ~ 1) (A2)

is a Debye integral. We integrate by parts, lettingu = z*and v = (e? ~ 1),
and using
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b b b
fudv:uv —fvdu (A3)
a a a
to arrive at
Bpy/ T By /T
1=z -1 —4 f B dal(er - 1) (A4)
0 0
The latter term is equal to
—4M = 4 67y D(y)/3 T? (A5)

where D(y) is tabulated, since, in the Debye theory of specific heat,
Op/T
((U = Up)/3RT)paye = D(y) = 3T Hé)f >y e*~1) (A6)
o

and, as we have stressed, 6, and py are equivalent phonon parameters for
their various states. Thus

L = ((8ey/T(E ™" = 1)) ~ (4/3) D(y) (6 /TY? (A7)

and D(y) is tabulated in the literature.> We had to do some interpolation of
the tabulated D(y) values since the y = /T values did not correspond to
the various fractions.of 8y /T required for this calculation (1/1.1, 1/1.25,
1/1.5, and 1/2.0).



